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Abstract. We give a definition of character sheaves on the group 
compactification which is equivalent to Lusztig's definition in [Moscow 
Math. J. 4 (2004) 869-896]. We also prove some properties of the 
character sheaves on the group compactification. 



Introduction 

Let G be a connected reductive algebraic group over an algebraically 
closed field. In |iL3) . Lusztig introduced a class of G x G- varieties. 
We denote the varieties by Zj^y^s- The precise definition can be found 
in 1.3. The group G acts diagonally on Zjy^s- Lusztig introduced a 
partition of Zjy^s into finitely many G-stable pieces. The G-orbits on 
each piece are in one-to-one correspondence with the conjugacy classes 
of a certain (smaller) reductive group. 

To each character sheaf on the (smaller) reductive group, we asso- 
ciate a G-equivariant simple perverse sheaf on the G-stable piece. We 
call it a character sheaf on the G-stable piece. Its perverse extension 
to Zj^y s is a G-equivariant simple perverse sheaf on Zj^y s- The simple 
perverse sheaves obtained in this way are called the "parabolic charac- 
ter sheaves" . (This is a generalization of the character sheaves on the 
group.) 

The definition above is one of the two equivalent definitions in |L8j . 
The other one imitates Lusztig's definition of character sheaves of the 
group. Roughly speaking, the second definition help us to understand 
the perverse extensions of character sheaves on the G-stable pieces 
to Zj^y^g. A consequence of the coincidence of the two definition is 
that the parabolic character sheaves have the following property: any 
composition factor of the perverse cohomology of the restriction of a 
parabolic character sheaf to a G-stable piece is a character sheaf on 
that piece. 

The varieties Zjy^s include more or less as a special case the strata 
of the group compactification G^ of G, here G is adjoint. Therefore, 
we obtain a partition of G^ into finitely many G-stable pieces. Lusztig 
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defined the character sheaves on to be the perverse extensions of the 
character sheaves on the G-stable pieces of G^. One may expect that 
the character sheaves on the group compactification have the prop- 
erty analogous to the property of parabohc character sheaves that we 
mentioned above. 

To achieve this goal, we need to understand the perverse extension 
to G^. The main propose of this paper is to introduce an equivalent 
definition that helps us to understand it. 

Before introducing the definition, we first recall the definition of 
character sheaves of the group G. Denote by B the Borel subgroup 
of G. The group G is decomposed into finitely many B x 5-orbits. 
Starting with certain local systems on a i? x 5-orbits, we obtain some 
simple perverse sheaves on G. (For more details, see jMSH no. 5].) 
Although this is not Lusztig's original definition, one can see that they 
are equivalent directly from the definition. 

Now let us come back to the group compactification G^. There are 
finitely many B x i?-orbits on G^. The closure relation of the B x B- 
orbits and the local systems on the orbits were studied by Springer 
in |Slj . These local systems play the same role in our definition of 
character sheaves on G^ as the local systems on the B x 5-orbits of 
G in the definition of character sheaves on G. Then we show that the 
simple perverse sheaves on G^ obtained in this way coincide with those 
obtained from Lusztig's definition. 

Now let us discuss about the ideas of the proof of the coincidence of 
our definition and Lusztig's definition. We denote by T>{G^) the derived 
category of constructible sheaves on G^. To each element in T>{G^), we 
associate its support, which is a closed subvariety. The counterpart 
(on the "level of varieties") of the equivalence of these definitions (on 
the "level of sheaves") is the relation between the (closure of) G-stable 
pieces and the (closure of) B x 5-orbits. The relation was discussed in 
|Hlj and |H2j . In |Hl, 2.7], we showed that each G-stable piece is the 
minimal G-stable subvariety that contains a particular B x B-orbit. 
In |H2| 4.3], we gave an inductive way to determine in which G-stable 
piece an element of a -B x 5-orbit is contained. In this paper, we "lift" 
these results from the "level of varieties" to the "level of sheaves" . 

The content of this paper is arranged as follows. In section 1, we 
recall the definitions of Zj^y^s and the G-stable pieces on it. We also 
discuss some properties of the G-stable pieces. In section 2, we recall 
the definition of the character sheaves on the group and discuss some 
properties of them. In section 3, we prove our key lemma. In section 
4, we first introduce a new definition of the character sheaves of group 
compactification and prove that the character sheaves on the group 
compactification have the "nice" property according to our definition. 
As a consequence of the "nice" property, we show that our definition 
is equivalent to Lusztig's. We also obtain a property about the central 
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characters. Our approach can also be generahzed to parabohc character 
sheaves. In section 5, we discuss some resuhs on the parabohc character 
sheaves. We also obtain a new proof of the coincidence of Lusztig's two 
definitions of parabolic character sheaves. 

We thank Lusztig for many useful discussions on character sheaves. 
We also thank Springer for some advice and comments on an earlier 
version of this paper. 

1. The G-stable pieces 

1.1. Let G be a connected, reductive algebraic group over an alge- 
braically closed field k. Let -B be a Borel subgroup of G, T C -B be a 
maximal torus and B~ be the opposite Borel subgroup. Let W be the 
corresponding Weyl group and (sj)jg/ the set of simple refiections. For 
w G W, we denote by supp(w) C / the set of simple roots whose asso- 
ciated simple refiections occur in some (or equivalently, any) reduced 
decomposition of w. We also choose a representative w of w in G. 

For J C I , let Wj be the subgroup of W generated by {sj \ j E J} 
and W"^ (resp. "^W) be the set of minimal length coset representatives 
of W/Wj (resp. Wj\W). Let Wq be the unique element of maximal 
length in Wj. (We simply write wq for Wq.) For J,KgI, we write 
JW^ for -^w n W^. 

For J C /, let Pj D B he the standard parabolic subgroup defined 
by J and Pj D B~ be the opposite of Pj. Let Lj = PjH Pj . For any 
J <Z I, let Vj be the set of parabolic subgroups conjugate to Pj. We 
simply write B for V0. For J,K C I, w e ■^W'' and P eVj, Q e Vk, 
we write pos(P, Q) = w if gPg^^ = Pj, gQg^^ = wPkw~^ for some 
geG. 

For any parabolic subgroup P, we denote by Up its unipotent radical. 
We simply write U for Ub and U~ for Ub~- We denote by Hp the 
inverse image of the connected center of P/Up under P —>■ P/Up. 

For any closed subgroup H of G, we denote by Hdiag the image of 
the diagonal embedding of if in G x G. 

1.2. Let G be a possibly disconnected reductive algebraic group over 
k with identity component G. For g E G and H G G, we write 

for gHg~^. Let G^ be a connected component of G. There exists an 
isomorphism S : W ^ W such that 6{I) = I and ^P G Vsij) for g & G^ 
and P G Vj. We choose go G G^ in the same way as |H2[ 1.2]. In 
particular, if G^ = G, then go = 1. 

1.3. Let J, J' C / and y G ■^'W^^'^'^ such that y6{J) = J'. For P e Vj 
and Q G Vj', set Ay{P,Q) = g G^ | pos{Q,sp) = y}. Set 

Zj^y^s = {(P,g,7) \PeVj,Qe Vj>,-f g Up\Ay{P,Q)/Up}. 
Define the GxG action on by {gi, g2)-{P,Q,j) = (^^P, ^ig, ^^-y^-i). 
It is easy to see that G x G acts transitively on Zj^y^g. 
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Set 

hj,y,5 = (Pj,^ 'Pj',Uy-ip^^goUpj) e Zj^y^s- 
For w,v & W, set 

[J^w,v]y^s = {B X B){w,v) ■ hj^y^s- 

It is easy to see that [J,wu,v6~^{u)]yg = [J,'w,v]y^ for u G Ws(j) 
and 

For w e W^^'^\ set 

By jH2l 1.3 & 1.7], we have that 

The subvarieties ZJy^^ are called the G-stable pieces of Zj^y^s- 

1.4. For w G W^^-^\ set 

/(J, 5) = max{K C J | w6{K) = K}. 

In the rest of this subsection, we fix w G W^^"^^ and write i^T for 
I{J,w,6). By [H2, 1.10], we have the following results. 

(1) The map G x ({PK)diagiLKW,l) ■ hj^y^s) ^ ZJy^^ defined by 
{g, z) ^ {g, g) ■ z induces an isomorphism 

G Xp^ {{PK)d^ag{LKW, 1) ■ hj,y,s)) = Z^y^s, 

where Pk acts on G on the right and acts on {PK)diag{LK'w, 1) ■ hj^y^s) 
diagonally. 

(2) The map PkJ< Lxwgo {PK)diag{LKW, 1) ■ hj^y^s defined by 
(p, /) I— > {plgQ^,p) ■ hj^y^s for p G Pr and / G Lxwgo induces an affine 
space bundle map 

Pk 'XLk LRWgo -> {PK)diag{LKW, 1) ■ hj^y^s, 

where Lr acts on G on the right and acts on Lxibgo by conjugation. 

Therefore, we obtain an affine space bundle map 
^j,y,s -G y-LK LKwgo ZJy ^ 
which sends {g, I) to {glgQ^, g) ■ hjy^s ioi g E G and / G LxwgQ. 
Let 'd : ZJy^^ ^k,w,5 the morphism defined by 

'&{{gl9o^,g) ■ hj,y,5) = i9l9o\9) ■ hK,w,5 

hi g e G, p e Pk and / G LKwgo- By |H2l 1.6 & 1.10], ^ is well 
defined. Moreover, we have the following commuting diagram 
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T y S ^ 

I? 

Note that wS{K) = K. It is easy to see that Lkwqq is a connected 
component of Nq{Lk)- However, in general LkwQq is not the identity 
component of Nq{Lk) even if G = G = G^. We will see in 4.3 that 
the character sheaves on a (possibly) disconnected group are involved 
when studying character sheaves on the group compactification even if 
G = G = G\ 

1.5. Let J,J' Cl and y G -^'W^^-^^ such that yS{J) = J'. Set 

Zj,y,s = {{P,Q,i) \PeVj,Qe Vj>,-f e Hp,\Ay{P,Q)/Hp} 

with the G X G action defined in the same way as Zj^y s- 

As in |L3l 11.19], we may identify groups Hp/Up (with P G Vj) 
with a single torus Aj independent of the choice of P. Now Aj acts 
freely on Zj^y^s by t : {P,Q,'y) {P,Q,'yz) where z G Hp represents 
t G Dj. Then we may identify Zj^y^s with Aj\Zj^y^s as G x G-varieties. 
Set hj^y^s = (Pj,^ Pj', Hy-ip^^QoHpj) G Zj^y^s- 
For w,v eW, set [J, w, v]y^s = {B x B){w, v) ■ hj^y^s- For w G W^^'^\ 
set Zy^^g = Gdiag ■[J,w, l]y^s- Then 

Zj,y,s= U [J,w,v]y^s= \_\ ZJys. 

The subvarieties ZJy^^ are called the G-stable pieces of Zj^y^s- 
Now fix w G W^^'^\ Set K = I{J,w,5). Then as a consequence of 
1.4, we obtain the following commuting diagram 

Gxl^ LKwgo/Z^Lj) 

GxL,LKwg,/Z\Lj) 

where Z^{Lj) is the connected center of Lj and i} is defined in the 
similar way as in 1.4. 

1.6. In this subsection, we assume that G is adjoint. The compact- 
ification G^ of G^ is the G x G variety which is isomorphic to the 
wonderful compactification of G as a variety and where the G x G ac- 
tion is twisted by G x G ^ G x G, {g,g') ^ {g,gog'go^)- By |H2l 2.1]. 
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we have that 



= U ^J,^o^',''\5 = U U ^' ^Lo^^(^\ 



Jc/ Jci wew^(-'\v€W 



U U 



7 ^(J) X- 



We write h h.,) as /ij, [J, w, ^ as [J, w, t;] and Z';' , 

as zy. We call Zy the G-stable pieces of G^. We denote by the 
morphism G x^^^^^^j Li(j^^^s)wgQ/ Z^{Lj) Zy in 1.5. 

2. The character sheaves on 

2.1. We follow the notation of [ BBD . Let X be an algebraic variety 
over k and / be a fixed prime number invertible in k. We write 'D{X) 
instead of P|!(X, Q;). li K & ^(^) a^id A is a simple perverse sheaf 
on X, we write K ii Ais a. composition factor of ^H^{K) for some 
i e Z. For A,B e V{X), we write A = B[\ ii A = B[m] for some 
m G Z. 

Let K,Ki,K2,--- ,Kne V{X). We say that K e< Ki,K2,- ■ ■ ,Kn > 
if there exist m ^ n and ■ " " ? -^m ^ ^(-^) such that 

Km = K and for each n + 1 ^ i ^ m, there exists 1 ^ j,k < i 
and nj,nk G Z, such that (i^'j[nj], -K^j, i^'^l'^A;]) is a distinguished trian- 
gle in V{X). In this case, if H^{X, Ki) = for all i, then H'^^X, K) = 0. 
Moreover, if A H i^', then A -\ Ki for some 1 ^ i ^ n. 

If / : X — >■ y is a morphism of algebraic varieties, we have functors 
f\ and /* between the derived categories 'P(X) and 'P(l^). Therefore 

(1) if A, Ai, ^2, ■ ■ ■ , A„ G V{X) with A G< Ai, ^2, ■ ■ ■ , y4„ >, then 
f\A G< /!/li,/!yl2,-- - >; 

(2) if S, Si, ^2, • ■ ■ , S„ G with B E< Bi,B2,-- - , >, then 

rsG<rEi,r52,---,r5n>- 

Let if be a connected algebraic group and X, F be varieties with a 
free if-action on X x F. Denote by X F the quotient space. For 
Ki G 'D{X) and K2 G T>{Y) such that Ki M K2 is if-equivariant, we 
denote by Ki K2 be the element in D(X x^ F) whose inverse image 
under X x F ^ X x^ F is i^i K fsTa- 

2.2. Let p be the characteristic of k and Z(p) be the ring of rational 
numbers with denominator prime to p (In particular, Z(p) = Q if p = 0). 
Set X = Z(p) 02 X/1 ®i X, where X is the character group of T. If 
necessary, we write X(T). 

Let /C(T) be the set of isomorphism classes of Kummer local systems 
on T, i. e., the set of isomorphism classes of Qrlocal systems C of rank 
one on T, such that C®"^ = Qi for some integer m ^ 1 invertible in k. 
By |MSH 2.1], we may identify /C(T) with X. For ^ G X, we denote 
by jC,^ the corresponding Kummer local system. 
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For J C I, set Tj = T/Z^{Lj). We identify X(Tj) with a subgroup 
of X, see jHH section 1]. 

In the rest of this section, we recall the definition and some properties 
of the character sheaves on G^. We follow the approach in |MSlj . (In 
[loc. cit.] Mars and Springer dealt with the case where = G. The 
general case can be treated in a similar way.) 

2.3. By the Bruhat decomposition, we have that G^ = UiuevF BwgoB. 
For ^ G X, let C-^^^^s be the inverse image of under BwgoB — >• T, 
uwgotu' ^— > t for u,u' E U and t E T. Then C^,w,s is a tame local system 
on BwgoB. We denote by the perverse extension of >Cg,iu,5 to G^. 

If wS{^) = ^, then C^^w,5 and A^,^,,^ are equivariant for the conjugation 
action of B. 

Define the -B-action on GxG^ by /i) = {gb^^ ,bhb^^). Let Gx^G^ 
be the quotient space. The map G x G^ ^ G^, {g, h) ^ ghg~^ induces 
a proper morphism 7 : G ^ G^. By standard arguments, we 

have the following result. 

Proposition 2.4. Let ^ E X and A he a simple perverse sheaf on G^ . 
The following conditions on A are equivalent: 

(i) A H (7)!(Qz A^,^,^) for some w eW with w6{^) = ^. 

(a) A H {'y)\{Qi C^,w,s) for some w eW with w6{^) = ^. 

2.5. Let Q(G^) be the set of (isomorphism classes) of simple perverse 
sheaves on G^ which satisfies the equivalent conditions (i)-(ii) with 
respect to ^. The simple perverse sheaves on G^ which belong to Q(G^) 
for some ^ E X are called character sheaves on G^; they (or their 
isomorphism classes) form a set C{G^). 

Proposition 2.6 (|Lll 11.2(c)]). Let i,r] E X with r] ^ Then 

Q(G^) nc^(Gi) = 0. 

3. The key lemma 

In this section and the next section, we assume that G is adjoint. 

3.1. Let J C I and w,v E W. Let pj^w,v '■ B x B [J,w,v] be 
the morphism defined by (&i,&2) ^ {biW,b2v) ■ hj for 61,62 ^ B. By 
1-3, Pj,u,u,v5-^u) = Pj,w,v for u E Ws{j). The morphism B x B ^ Tj, 
{tiUi,t2U2) ^ {wg())~^ti{wg())v~^t2^vZ'^(Lj) factors through a mor- 
phism prj^yj^^-. [J,w;,f] Tj. 

For i E X{Tj) C X, pr^^^^C^ = C^,j, vj,v is a (tame) local sys- 
tem on [J,w,v]. By [M^ 4.i.2] and [M^ 2.2.3], C^,j,^^y has weight 



{w6{^), —v^) for the B x 5-action and the rank one (tame) local system 
on [J, w, v] which have a weight for the B x 5-action are of the form 

^^,J,w,v for some ^ E X{Tj). Moreover, C^^j,wu,v&-^{u) = ^5-^u)^,j,w,v for 
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u e Ws(j). If w6{C,) = v^, then C^j^w,v is equivariant for the diagonal 
action of B. 

We denote by A^ j^^^^ the perverse extension of C^.j^w,v to G^. By 
M!t21 2.2], for i G Z, T^M^^ 

|[J',-u;',d'] is a direct sum of local system 
j^rf,j',w',v', where rj G X(Tji) and = w'6{ri), = v'rj. It is zero 

unless [J',w',v'] is contained in the closure of [J,w,v]. 
In other words, we have the following result. 

Lemma 3.2. Let J C I, w,v eW and ^ G X{Tj). Set 

1j,w,v,i = ^{J' ■,'v\r]) I J' C J,ri & X(Tj'),w,v G W such that 

w6{^) = w'6{ri),v^ = v'r]} and [J',w',v'] 

is contained in the closure of [J, 

Then we have that 
where ij'^w'y '■ [J',w',v'] is the inclusion. 

3.3. For J C /, set Bj = {B n Lj)/Z^{Lj). For x eW, set Gj,^ = 
BxB/Z\Lj) and G'j^ = BxUp- {B n Ui^j^) / Z\Lsi^j)). 

Define (pj^x '■ Gj^x —>■ Tj by (j)j^x{uxtu') = t for t E Tj and u, u' G U . 
Define : G'j^ — > T5(j) by (pj^xiuxtu') = t for t G T5(j) and u E U. 
and m' G Up-^^{U n 

Let ^ G X(Tj). Then 0}^/^^ = -Cj^a:,^ is a (tame) local system on Gj^x 
and {(f)'j,j.)* Cs(i) = ^'j,x,e, i^ ^ (tame) local system on Gj.^.. We denote 
by Aj^x,£, the perverse extension of Cj^x,^ to G/Z^{Lj) and ^j^^;^^ the 
perverse extension of -^^j^j^^ to G/Z^{Ls{j)). We simply write Ci^x,^, as 
a nd as Ax,^. 

By |MSH 4.1.2], and Aj^x,£, have weight for the left i?-action 
and for the right _Bj-action. Similarly, and A'j^^^^ have weight 

x6{C,) for the left _B-action and — 5(^) for the right i?5(j)-action. 

3.4. The group B acts on G x G/Z°(Lj) by b{g,h) = {gb-\bh). A 
quotient G G/Z^{Lj) exists and the product map G x G/Z^{Lj) 
G/Z^{Lj) defined by {g, h) \—>- gh induces a proper morphism 

mj:Gx''G/Z%Lj)^G/Z%Lj). 

It is easy to see that {mj)\{Auj^^ ^7,1,5) = ^J,«),^- 
For ^ G X(Tj) and w, x G set 

J(^, J,w,x) = {w' I w'^ = wx^ and Gj^^> C mj^Gi^^^ x Gj^^;)}, 

where mj{Gj^w x Gj^^;) is the closure of mjiGi^w x G^j.a;) in G/Z^{Lj). 
Then by PTTI 4.2], ' 

(mj)!(A^_^g Aj^x,i) e< > 
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Similarly, set 

J'(^, J, w, x) = {w' I w'6{0 = w^HO and G'j^^, C mj(G/,^ x G'^ J}. 
Then 

3.5. The group Bj acts on G/Z^{Ls(j)) x G/Z^{Lj) by = 
{99ob'^go\g'b-^). The quotient ^/^^(^^(j)) x^-^ G'/Z°(Lj) exists and 
the map GxG ^ defined by {g, g') i— > ((?, g')-hj induces a morphism 

pj : G/Z°(L5(j)) x^-^ G/Z%Lj) ^ GT. 

For w G ly^'^"') and G W, we have that 

(5tl;f/p- {B n L5(j)), ■ hj = {Bw{B n ^^(j)), Bv{B n Lj)) ■ /ij 

= iBw{BnLs^j)),Bv)-hj 

= {Biit, Bij) ■ hj = [J, w, v]. 

We can see that pj |g'^ x^jCj^ factors through an affine space bundle 

map : G'j^^ x-^J Gj,^ [J,w,v]. For ^ G X(Tj), 

is a local system on Gj,^ x-^-' Gj^y and 

For w G ly'^(^) and m G PFj, Pj(G'^„,5(^) x^^ Gj,i) = [J, u;, u"^] and 
Pj \g' x'^JGn factors through an affine space bundle map pjwS(u) i : 
G'j,^s(u) x^-' [J,w,u-^]. For e G X(Tj), we have that 

{ij,w,u-^)\^u^,J,w,u-i = {PJ \G'j^g^^^xBjGj,i)^X^'j,w5{u),^ Q '^J,1-() 

3.6. The group B acts on G x G^ by b{g,z) = {gb~^, {b,b)z) for 6 G 
B,g & G and 2; G G^. The quotient GxbG^ exists. The map G x G^ — > 
G^ defined by z) i-^ {g, g) ■ z induces a morphism p : G XbG^ G^. 
The map p is the unique extension of the map 7 defined in 2.3. 

For J C / and w,v E W, we denote by pj^w,v the restriction of p to 
G Xb [J, w, v]. 

Let ^ G -^(Tj) C X with w6{^) = vC,. Then C^,j,w,v is a local 
system on G x ^ [J, it;, t>] and Q/[dim(G)] A^^j^^^y is a simple perverse 

sheaf on G x^ G^. Set = (p |Gxs[j,«;,i,])!(Q«_G^A,^,«',f) and 

Q,j,«;,i> = PiiQi © ^CJ,!;;,!))- Then L^,j,w v, Ce„j,w,v G "PIG^). Moreover, 
by the decomposition theorem in |BBDj . G^^j^w,v is semisimple. 
The following result is an easy consequence of 3.2. 

Corollary 3.7. We keep the notation of 3.2. Then 

< Gr,,J',w',v' >{J',w',v',r])£lj^^^^^^ = < Lr,^J'^w',v' >{J',M;',»;',r))GXj.™,„.e " 
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3.8. Similarly, B acts on G x {G/Z^{Ls(j)) x^-^G/Z\Lj)) by b{g,z) = 
{gb-\b-z) for be B, g EG and z e G/Z^Ls^j)) x^^G/Z^Lj), where 
B acts diagonally on G / Z^{Lji^j)) x^-' G/Z^{Lj) on both factors on the 
left. Denote by G Xb {G/Z^{Ls(j)) x^^ G/Z^{Lj)) the quotient space. 

The morphism GxGxG — > G^ defined by ((?, (71, (72) ^ {gOi, 992) ■ hj 
induces a morphism ttj-.Gxb {G/Z^{Ls(j)) x^' G/Z\Lj)) G^. We 
simply write ttj Igx_b(Gj^x^jGj„) '^j,w,v FoT^e X{Tj) withw5(0 = 
Qi {^'j,w,i®^J,v-d is a local system on G {G'j^^ x^J Gj^^) and 

{t^J,w,v)\{Q.I ('^J,«,,e ^J,v-d) = 

Lemma 3.9. Let J <Z I , w,v e W and ^ e X{Tj) with w5{^) = v^. 
Then 

(7rj)!(Qi0(A'^,^,^0^j,.,-^)) e< (7rj),(Q^0(A'^,^,,^©A^,i,_^)) 

Proof. The group Bj acts on G x G/Z^{Lj) on the second factor 
on the right. This action induces a Bj action on G x^ G/Z^{Lj). 
Define the Bj action on G/Z^{Ls(^j)) x {G x^ G/Z^{Lj)) by b{g,z) = 
{ggob-'go\bz) for g G G/ZO(L,(j)) and z G G x^ G/ZO(Lj). The 
quotient G/Z^{Ls(j)) x^' (G x-^ G/Z'^{Lj)) exists and the morphism 
{id,mj) : G/Z0(L5(j)) X (G x^G/ZO(L,)) G/ZO(L,(j)) x G/Z%Lj) 
induces a morphism 

G/Z'{Ls^j)) x^^ (G x^ G/Z'^iLj)) G/Z^Ls^j^) x^^ G/Z%Lj). 

The group B action on G x G/Z^{Lj) by acting on the first factor 
on the left induces a B action on G x-^ G/Z^[Lj). Then wc obtain 
the diagonal 5-action on G/Z'^{Ls(j)) x^-' {G x^ G/Z^{Lj)). We may 
also define the 5-action on G x [G/Z^{Ls^j)) x^J (G x^ G/Z^{Lj))) 
in the same way as we did in 3.8. We write the quotient space as 
GxB{G/Z^{L5i^j))x^J{Gx^G/Z^{Lj))). The morphism {id,id,mj) : 
G X G/Z\Ls^j)) X (G x^ G/Z'{Lj)) ^ G x G/Z^Lg^j)) x G/Z^Lj) 
induces a morphism 

mi,2,34 : G Xb {G/Z%Ls^j)) x^^ (G x^ G/Z%Lj))) ^ 

Gxb{G/Z'{Ls^j)) x^^ G/Z\Lj)). 

The morphism G x G/Z^{Ls(j)) xGx G/Z^{Lj) G^ defined by 
{91, 92:93: 9i) ^ {9i92: 9i939i) ' hj induces a morphism 

/i,2,34 : G Xb {G/Z\Ls^j)) x^^ (G x^ G/Z\Lj))) ^ G^ 

and we have that /i,2,34 — t^j ° ?7t.i^2,34- We also have that 

(mi,2,34)! {Qi = {A'j^^^^ 

Hence 

(7rj)!(Q,0(A'^,^,^0^^,,,_^)) = (A,2,34).(Q^0(^'j,.,^0(A,-^ 
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Similarly, we may define G Xb {{G G/Z°{Ls(j))) x^^ G/Z^{Lj)) 
and the morphism {id,ms(j),id) : Gx{Gx^G/Z^{Ls(j)))xG/Z^{Lj) — > 
G X G / Z'^{Ls(^j)) X G/Z\Lj) induces a morphism 

mi,23,4 : G Xb ((G x^ G / Z^Ui^j))) x^^ G/Z'^^Lj)) ^ 
Gxb{G/Z'^{Ls(.j))x^' G/Z\Lj)). 

The morphism G x G x G/Z^{Lsi^j)) x G/Z^{Lj) G^ defined by 
(91,92,93,94) ^ (919293, 9i9i) ■ hj induces a morphism 

/i,23,4 : G Xb ((G x^ G/Z^Ls^j))) x^^ G/Z%Lj)) ^ G^ 

and we have that /i,23,4 = ttj o mi^23,4- 

The isomorphism' G x G/Z'^{Ls(j)) x G x G/Z%Lj) G x G x 

G/Z°(Ls{j)) X G/Z^(Lj) defined by (91,92,93,94) ^ (9193,93^,92,94) 
induces an isomorphism 

i-.GxB (G/Z%Ls^j)) x^-^ (G x^ G/Z\Lj))) ^ 

G Xb ((G x^ G/Z%Ls^j))) x^' G/Z\Lj)). 

It is easy to see that /i,2,34 = /i,23,4 ° and 

i\ (Q/©(A'j,«,,e0(^«,-e0^J,i,-^))) = (Q/0((^.-^<0^'j,«,,e)0^J,i,-e)) [•]■ 
Therefore 

(7rj)!(Q; © (A'j^^^^QAj,,^./:)) = (/i,23,4)! (Qi © ((A,^,,-i © A'j^^^^) © [•] 

= (7rj)!(mi,23,4)! (Q; © {(A,^,v-^ © ^J,!,-^)) [•] 

e<(7rj)!(Qi©(A'^,^,^©Aj,i,_^)) 

>«)'ex'(^,j,i)-i,«)) ■ 

Corollary 3.10. LetJcI,w,veW and ^ e X(Tj) with w6(i) = 
Then 

L^,J,w,v £< L^,J,w',l >w'eT'{i,J,v-'^,w) ■ 

Proof. We have that 

(vrj,^,.)!(Q;©(^'j,«,,€0>Cj,.,-^)) e< (7rj),{QiQ(A'j,^„^QAj^,^,_^)) >^,,,,, 

where wi runs over the elements in W such that Gj^^ is contained in 
the closure of G'j^ and Vi runs over the elements in W such that Gj_„^ 
is contained in the closure of Gj^,. 
By lemma 3.9, we have that 

where ^2 runs over the elements in W such that W2S(^) = ^ and G'j,^^ 
is contained in the closure of 'ms{j)(G ^.^^-i x G'j,^J. Therefore, 

(7rj,^,.)!(Q/ © (jC'j,^,^ © e< (7rj)i{Qi © (A'j^^,^^ © 
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where w' runs over the elements in W such that w'6{^) = ^ and G'j^, 
is contained in the closure of ms(j){Gi^^-i x G'j^). □ 

Lemma 3.11. Let J d I and O he a Wj-orbit on X(Tj). Set 

Ij,o = {{^,w,v) \ ^ e 0,w,v eW with w6{^) = <}, 
Ij,o = {{^,vw,l)eIj,o I w G W'^^-^Kve 

Then 

Proof. Set J' = {i E I \ ai = —Woas(j) for some j G J} and y = 
WoWq^'^\ Then yS{J) = J'. 

Let w G W^^"^^ and u G Ws(j). Then we have that wy^^ G W'^ and 
l{wuy~^) = l{wy^^yuy~^) = l{wy~^) + l{yuy~^) = l{wy~^) + l{u). Thus 

dim(G"^^^J = dim(Gj,^„,-i) = l{wuy-^) + diui{B / Z\L j)) 

= l{wy-^) + l{u) + dim{B/Z%Lj)). 

For a, 6 G W, we have that dim(m5(j)(G7-^a x G'j^)) ^ l{a) + l{by^^) + 
dim(i?/Z°(Lj)) and if the equality holds, then ms{j){Gi^a x Gj^) = 

Now by 3.10, < >(5,u,,t,)gij,o=< >(5,u,,i)gJj,o- More- 

over, for ^ G O, w G ly'^'^) and u G VTj with w5{u)5{^) = ^, we have 
that L^j^yjS{u),i = Lu^^j,w',i >w'(^i'{u^,j,u,w)- By induction, 

it suffices to prove the following statement: 

Let {wi,Ui,^i)i^i be a sequence with Wi G ly'^-^), Ui G PVj, G 
X{Tj). If = ,^1 and for each i ^ 1, = Ui^i and 

G I'i^i+i, J, Ui, Wi), then for n > 0, u„ G W^7(j,t„„,5). 

For each z ^ 1, we have that 

liw,+w-') + Ku^+i) = duniG'j,^,^,siu.^,)) - dim(5/Z°(L^)) 

^ dim(m5(j)(G,,„, X G'j^J) - dim{B/Z\Lj)) 
^ l{wiy-') + l{u,). 

Moreover, if the equalities hold, then Gj^.^^^^^.^^^ = G'j^^_^. and 
Wi+i5{ui^i) = UiWi. 

Thus for A; ^ 0, we have l{wky~^) + l{uk) = l{wk+iy~^) + l{uk+i) = 
■■■ and = UiWi for all i ^ k. By Ji2,. 3.10], Wj+i ^ ti^j 

for i ^ k. Therefore, for m ^ k, ^nq have that = "U^m+i = ■ ■ ■ = 

Woo and l{Urr,) = l{Um+l) = ■■■■ ThuS, W^UiWoo = S{Ui+i) G 

and l{w^UiWoo) = ^(Mj+i) = K'^i) i ^ m. So t(7oQ^supp(Mi) = 
(5(supp(Mj4.i)) for all m. In other words, for i ^ m, 

Ui^i+lSUpp(Ui) C Ui^iSUpp(Mi) = Woo5(U,^i+iSUpp(M;)). 

Thusforn > m, Uj^nSupp(Mi) = w;oo5(Ui^„supp(-Uj)). Sosupp(M„) C 
Uj^iSupp('Uj) C I{J,Woo,S) and G ^/(j^tt,^^^). The lemma is proved. 

□ 
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Combining 3.7 with 3.11, we obtain the key lemma. 
Lemma 3.12. Let O be a W-orbit on X. Set 

Ia = {{^,J,w,v)\JcI,^eOn X{Tj),w, V eW with w6{0 = <}, 

I'a = {(e, J,vw, l)eIo\we W'^'\v G 

Then 

4. The character sheaves on 

By 2.1 and 3.12, we have the following result. 

Proposition 4.1. Let O be a W-orbit on X and A be a simple perverse 
sheaf on . The following conditions on A are equivalent: 

(i) A -\ G^j^w^v for some J C I , w,v E W and ^ G (9 fl X{Tj) with 
w5{^) = v^. 

(a) A -\ L^^j^w,v for some J C I, w,v E W and C, E O H X{Tj) with 
w6{^) = <. 

(Hi) A H L^j^yyj^i for some J C I, w E W^^'^\ v G and 
^eOn X{Tj) with vw6{0 = 6 

4.2. Let Co{G^) be the set of (isomorphism classes) of simple perverse 
sheaves on G^ which satisfies the equivalent conditions 4.1(i)-(iii) with 
respect to O. The simple perverse sheaves on G^ which belong to 
Co{G^) for some ly-orbit O are called character sheaves on the group 
compactification G^; they (or their isomorphism classes) form a set 

cm- 

4.3. We keep the notation of 1.4. Now K = I{J,w,6). Set L = 
Lk/Z%Lj) and = {B n Lk)/Z^{Lj). For v G Wk, set L„ = 
BivwgoBi. 

Consider the following diagram 

Lwqq ^ G X Lwgo — ^ G x^^^ Lwgo — ^ ZJ 

where pi is the projection to the second factor, p2 is the projection map 
and TTj is the map in 1.6. 

For any character sheaf X on L^wgo/Z^lLj), let X be the simple 
perverse sheaf on ZJ such that X = (7rJ)!(Q, 0X)[-]. (Then {ny)*X is 
a shift of QiQX. By the commuting diagram in 1.5, the simple perverse 
sheaf X on ZJ is the same as the simple perverse sheaf obtained in |L31 
11.12].) 

For ^ G X{Tj), let Cj(Zy) be the (isomorphism classes) of simple 
perverse sheaves on ZJ consisting of all X as above for X G C^{Lwgo)- 
The simple perverse sheaves on Zy which belong to C^{Zy) for some 
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^ e X(Tj) are called character sheaves on the G-stable piece ZJ; they 
(or their isomorphism classes) form a set C{Z'^\ 

Now we study For v ^Wk with vwb{i) = ^, let C^^^^g be 

the tame local system on with weight vw6{C,) for the left i?i-action 
and A^,^ ,^g be the perverse extension of C^^^^^s 

We identify Lxb^L^ with Lt^ x bhLk Lv Let Qp be the trivial local 
system on G and Qf^ be the trivial local system on L^- Define : 
Lk>^ bciLk^v Lwqq by p(/, /') = IVl^^ . Then for X G C^{Lwgo), there 
exists G VT/^ with = ^ and X H (p^)!(Qf^ Af^^.^^). By the 

decomposition theorem of |BBDj . {p^)i{Qf'^ A^^^^^g) is semisimple. 
We have that ipy)\iQf'' Q A^^^^g) = X[m]®B for some B G V{L) and 

m G Z. Therefore, (vry)!(Qp ((p^')!(Q^' = X[m'] © C 

for some C G V^Z^) and m' G Z. In other words, a simple perverse 
sheaf A on Zj is contained in ) if and only if A is an irreducible 

constitute of {'K'])\{Qf ((p;^)!(Qf'' ^e,^,^^))) for some t; G VTi^ 
with vw5{^) = C,. 

Note that < C^^^^y^s >v&Wk,vw5{^)=^=< A^^^^^^ >v&WK,vw5{i)=i- Then 
a simple perverse sheaf A on ZJ is contained in C^{Zy) if and only 

if A H (7ry),(Qp ((p^)!(Qf*" Cl^^^s))) for some t; G VTi, with 
4.4. We keep the notation of 4.3. Consider the commuting diagram 



Pv 



Lwgo *^ G X Lwgo GxL^Lwgo, 

where and projection maps and 

TT^ : G Xb^ L„ = G Xi (L Xbj L^) ^G Xl Lwgo 
is the map induced from {id,p^). Then 

P2(qP ((p^)!(Qf" 4.,..))) = pI(p^)-(Qf" 

= (zd,p,^),(j)f)*(Q^- = (^ci,p,^)!(p2'')*(QP 4.,..) 

Therefore QP ((p^),(Qf- 4,,^,)) = {n^UQ? 
Define tt^j : B/Z^{Lj) Bi by HB^iub) = 6 for m G Up^^j^^^^^ and 
6 G -Bi. Define the map Bvwgo{B fl Lj)/Z^{Lj) Ly by biVwgob2 ^— > 
7rB,(&i)i'ti;(7ovrB,(&2) for 61 G B/Z%Lj) and 62 G (5 H It 



P2 
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is easy to see that this map is defined and is an affine space bundle 
morphism. This map induces an affine space morphism 

: G XbhLk Bxwgo{B n Lj)/Z^{Lj) G XbhLk Lv 

We also have {p^Up^nQ? C^^^^s) = (QP © 

Set ^ = 7ry oTi^ op^ : G Xb, Bxwgo{B n Lj)/Z\Lj) Zy . Then 

w)!(qp ((p^)!(Q^ ci^m))) = i^yu^'m? 4.,..) 

Note that sends {g,g') to {gg'go^,g) ■ hj ioi g E G and g' G 
Bvwgo{BnLj)/Z^{Lj). Now we identify Bvwgo{BnLj)/Z^{Lj) with 
B, Xb, BvwgoiB n Lj)/Z%Lj). Then 

(l^iBvwgoiB n Lj)/Z\Lj)) = {Bvw{B n Ls^j)), 1) ■ hj 

= (Bvw, B n Lj) ■ hj = [J, vw, 1] . 

By fH2', 1.12], [J,vw, 1] C {Pkw,Pk) ■ hj C Zy. Therefore 

piGxB[J,vw,i])c zy. 

We denote by pY : G Xb [J, vw, 1] Zy the restriction map of p. 
Now the map (p : G x bhLk Gxw,5 ^ Zy factors through 

GxBnLKBvwgo{BnLj)/Z°{Lj) GxbhLkIJ^vw, 1] ^ Gxb[J,vw, 1] - 
where the first two maps are affine space bundle maps. Hence 

i^Di (qP ((p.^)!(Qf" ^Im))) = Mrm? ^L^s)[-] 

= (pT')!(QP ^(,J,vw,i)[-] = L^j^vw,! \zy [■]■ 
Since p{G x b [J, vw, 1]) C Zy, we have L^,j,t,io,i |^»'= if J 7^ J' or 
w 7^ w'. 

In summary, for (^, J, w, v) G X^, 

r I _/(^J)!(Qp0((P^)!(Qf"04,.,..)))H> if ^ = ^' and 

[0, otherwise . 

Now we will show that the character sheaves on G^ have the following 
"nice" property. 

Corollary 4.5. Let J C I , w E W^^^-^) and O be a W -orbit on X. Let 
A G Co{G^) and K be a simple perverse sheaf on Zy . If K -\ A \zy, 
then K G Ci:{Zy) for some ^ G C» n X{Tj). 

Proof. We keep the notation of 3.12. 

There exists {^,J',w',v) G Xo, such that A H G^^j'^w',v Since 
C^,j\w',v is semisimple, we have that C^,j',u,',^ = A[m] © B for some 
B G V{G^) and m G Z. Then C^,j',^',„ Uj" A[m] \zy ®B \zy- Thus 
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By 2.1 and 3.12, < \zy>{^,j',w',v)eio~^ \zy>{^,j',w',v) 

SoK^ (vr-), (qP {Mmf ^Ivm))) for some v e Wj^j,^,s) 

and ^ G CnX(Tj) with = ^- By 4.3, K e The lemma 

is proved. □ 

Corollary 4.6. Let A be a simple perverse sheaf on G^. Then A G 
C(G^) tf and only if there exists J C I, w e W^^-''^ and X G C{Zy), 
such that A is the perverse extension of X. 

Remark. Therefore, our definition of character sheaves on coincides 
with Lusztig's definition in |L3l 12.3]. 

Proof. We follow the proof of [L3l 11.15 & 11.18]. 

Since G^ = UjciUwew^i-n ^J' ^^ere exists J C / and u; G W^^-^\ 
such that supp(A) fl Zy is dense in supp(y4). Then A \zy is a simple 
perverse sheaf on Zy and A is the perverse extension of A \z^- By 4.5, 

A \zye C{zy). 

On the other hand, if X G C{Zy), then by 4.4, we may assume that 
X H (pTUQi for some ^ G X{Tj) with vw5{0 = ^ Then 

there exists a simple perverse sheaf A on G^ such that supp(y4) is the 
closure of supp(X) in G^, A \zy= X and A H p!(Q/ >C^,j,t,io,i). Then 
A is the perverse extension of X and A G C{G^). □ 

Corollary 4.7. Let Oi,02 be two distinct W -orbits on X. Then for 
(^1, Ji, G Xo^ and (^2, J2,W2,V2) G X^j, we have that 

Proof. We keep the notation of 4.3. For any Wx-OYhit O on X{Tj), 
set 

= {(^>0 \veWK,^eO with = 
We have that < C^^^^^ >^^^^^^^l=< AI^^^^ >{v,i)ei^- Now set 

C'|;.,.5 = (^J)!(Qp0((P.^)!(Qf"04^,«,.)))- Then is semisim- 

pie and all the irreducible constitutes are contained in C^{Zy). More- 
over, 

< L^j^y^^i \zy>{v,o&x^=< C^,;^^s >(v,o&io ■ 

Let C, C be two distinct Wx-orbits on X{Tj). Then by 2.6 and 
1.2.5], for {v,i) G and {v\i') G X^,, we have that 

Hj^Zy , G^^^^^g y,w5) = 0- 

By 2.1, we also have that H^{Zy , L^^j^^w,! \zy ®L_^'jyw,i \zy) = 0. 
By 4.4, for (^1, Ji, ViWi, 1) G X^^ and (^2, -h, V2W2, 1) G X^^, 
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Since the above equality holds for all G-stable pieces Zy of G^, we 
have that H'^{G^, L^-^^j^^^-^^-^^i® L^^^^j^^y^w2,i) = 0. Then by 2.1 and 3.12, 

4.8. As in jLH 11.12(c)], we have that Co(G^) n Co'(G^) = for 
distinct ly-orbits O and O' on X. In other words, there is a well 
defined map C{G^) W^-orbit on X given by attaching A G C{G^) the 
l^-orbit O, where A G Co{G^). 

5. The parabolic character sheaves 

In this section, G is a connected reductive algebraic group. We keep 
the notation in 1.3. 

5.1. We first study the closures of the B x fi-orbits in Zj^y^s- 

As in 3.5, we define the action of B f] Lj on G/* ^^Pj/ ^ G/^Pj by 
Kg,g') = {ggob~'go\9'b-'). Denote by G/^"'t/p^, x^<^^-' G/Up^, the 
quotient space. The morphism G x G ^J,y,s defined by ((71,(72) ^ 
(^7l5^72) ■ ^J,y,(5 induces a proper morphism 

Pj,y,S ■■ G/y-'Up,, X^n^-^ G/f/p, 

By 3.5, for w G l^'^^"') and v G VT, we have that 

pj,y,s{{Bwr'By)/y-'Up^, x^^^-' {BvB)/Up^) = [J^v]^^,. 
Moreover, for w G W^^'^\ u G Wj and v G VT. we have that 
iBw5(u)y-'By, BvB) ■ hj^y^s = {Bw5{u){B n ^^(j)), BvB) ■ hj,y,s 

= (Bw, BvBii^^) ■ hj^y^s 
C IJ {Bw, Bviu^^B) ■ hj^y^s 

Proposition 5.2. Let w G W^^'^'^ and v G W . Denote by [J,w,v]yg 
the closure of [J,w,v]y^ in Zj^y^s- Then 

Proof. Note that Uw'ew,w'y-^^my-^ Bw'y'^By and Uv'i^vBv'B are 
irreducible closed subvarieties of G and pj^y^s is a proper map. Thus 
we have that 

IK^U = U Pj,y4(Bwy-'By)/y-'Up^,x^^^'{Bv'B)/Up,). 

u]'y~^ ■^wy~^ ,v' i^v 
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Let Wi G and Ui G Wj. Then we have that Wiy"^ G W'^' and 

y6{ui)y~^ G Wj'. Moreover, if U2 ^ Mi, then yS{u2)y~^ ^ y5{ui)y~^. 
Thus w;i(5(m2)?/"^ = ^ Wiy-^yS{ui)y-^ = Wi5{ui)y-'^. 

Therefore for Wi6{ui)y^^ ^ wy^-*^ and v' ^ f , we have that 

pj,y4{Bw,6{m)y-'By)/y-'Up^, x^<^^' {Bv'B)/Up,) 

Hence [J^w.v]^^^ C U«,iGiy«(^),«igiyj,^i5K)s/-i<«.s/-i Ut,'^^ [J^Wi,v'u^\^^. 
On the other hand, for ti^i G ly^^'^^Mi G Wj With. Wi5{ui)y''^ ^ toy"^ 
and f' ^ f , we have that 

[J,wi,v'u^\i^ = {Bwi.Bvul^) ■ hj^y^s = {Bwi6{ui),Bv) ■ lij^y^s 

^Vj,yA(BwXni)r^By)/y-'Up^, x^"^-^ {Bv'B)/Up,,) 

The lemma is proved. □ 

5.3. As a consequence of the description of the closure of B x B- 
orbits, we will describe the closure of the G-stable pieces in Zj^y^s in 
5.5. Although the result is not used in the proofs of properties of 
parabohc character sheaves we are going to discuss about, it serves as 
the motivation for them. 

We have a bijection 6y = y6 : J ^ J'. Let w,w' E W with l{w) = 
l{w'). We say that w' can be obtained from w via a (J, (5y)-cyclic shift 
if w = Sj^Sjj ■ ■ ■ Si„ is a reduced expression and either (1) ii G J and 
w' = Si^wssyi^i^) or (2) in G J' and w' = s^-i(.^)WSi„. We write w r^j^s^ 
w' if there exists a finite sequence of elements w = Wq, Wi, . . . , Wm = w' 
such that Wk+i can be obtained from via a (J, 5j^)-cyclic shift. 

By |H2[ 3.9], we have the following result. 

Lemma 5.4. Let w,w' G W^' . Then the following conditions are 
equivalent: 

(1) w ^ uw'5y{u)~^ for some u G Wj. 

(2) w ^ vw'5y{u)^^ for some v E Wj. 

(3) w ^ X for some x ^j,Sy w' . 

In this case, we say that w ^j^Sy w' . 

Corollary 5.5. Let w G W^^'^\ Then the closure of ZJ^g in Zj^y^s is 
U«,'evi^'5(-'),«)j/-i^j,5y«)'j;-i ^J,y,s- 

The case where y = 1 was proved in |H2[ 4.6]. The general case can 
be treated in a similar way. 

From now on, we study the parabolic character sheaves on Zj^y^s- 
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5.6. Let w,v & W. Let pyo,v : B x B ^ [J,w,v]yg be the mor- 
phism defined by (61, ^2) ^ (61^,62^) ■ for ^1,^2 ^ B. By 1.3, 

Pwu,v5-Hu) = Pw,v for U e Ws{J). 

The morphism B x B T, {tiUi,t2U2) > {wgo)^^ti(wgo)v^^t2^v 
factors through a morphism pr^^v '■ [J, w, v]y ^ T. 

For ^ E X, prl^^^C^ = C^^w,v is a (tame) local system on [J,w,v]yg. 
We denote by A^^w,v the perverse extension of C^^w,v to Zj^y^g. 

5.7. We keep the notation of 1.4. Let N^{Lk) be the normalizer of 

in G. Note that Nq{Lk) is a disconnected group with identity compo- 
nent Lk and L^wgo is a connected component of N^{Lk)- Consider 
the diagram 

LRwgo ^ G X LKwgo —^Gx^^ LxwgQ ^ Zjy^^ 

where pi is the projection to the second factor and p2 is the projection 
map. 

For any character sheaf X on L^wgo, let X be the simple perverse 
sheaf on ZJy g such that X = (Trly sUQi X)[-]. Let CiZJy g) be the 
(isomorphism classes) of simple perverse sheaves on ZJy^ consisting 
of all X as above. The elements in C{Zyyg) are called the character 
sheaves on ZJy^^. 

5.8. The group B acts on G x Zj^y^s by b{g,z) = {gb^^, {b,b)z). The 
quotient G Xb Zj^y^s exists. The map G x Zj^y^s — ^ Z j^y^s defined by 
{g, z) t-^ ((?, g) ■ z induces a morphism p : G x^ Zjy s — > Zj^y^s- 

By what we did in section 3 and section 4, we obtain the following 
result. 

Proposition 5.9. Let A be a simple perverse sheaf on Zj^y^s- The 
following conditions are equivalent: 

(i) A H p!(Q; © A^,»,„) for w,v eW and ^ e X with w6{^) = <. 

(ii) A H (p l^^^^j^^ )\iQi ^^,w,v) for some w,v eW and^ E X 
with w6{^) = vC,. 

(ill) A H (p I ,7—:, UQi C^,vw,i) for some w G W^^^\ v G 

W^/(j,u.,<5) and ^ G X with vw6{^) = ^. 

(iv) There exists w G W^^'^^ and X G C{Z'^y^) such that A is the 

perverse extension of X to Zj^y^s- 

Moreover, if A satisfies the equivalent conditions, then for any w G 
W^^'^\ any composition factor of ^H^ {A ) is contained in C{Zy^) . 

Remark. The condition (iv) was one of the two equivalent definitions 
of parabolic character sheaves in jL3j . The fact the {i) -v^ {iv) was first 
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proved by Springer in [Slj in terms of (P, Q, cr)-character sheaves on G. 
The "moreover" part was first proved by Lusztig in |L3| 11.14]. Our 
approach gave a new proof of their results. 

5.10. Let C{Zj^y^s) be the (isomorphism classes) of simple perverse 
sheaves on which satisfy the equivalent conditions 5.9(i)-(iv). The 
elements of C{Zj^y^s) are called the parabolic character sheaves on Zj^y^s- 

For VTj-orbit O on X, we denote by Co{Zj^y^s) the (isomorphism 
classes) of simple perverse sheaves A on Zj^y^s such that A satisfies the 
condition 5.9(iii) for some ^ G O. Then as in 4.8, we have that 

CoiZj^y^s) n Co'iZj^y^s) = 

for distinct VTj-orbits O and O' on X. In other words, there is a 
well defined map C{Zj^y^s) W^j-orbit on X given by attaching A e 
C{Zj^y^s) the ly-orbit O, where A G Co{Zj^y^s)- This is a generalization 
of ifa' 5.3]. 

5.11. Now let us recall another definition of parabolic character sheaves 
in [L3l. 

Let w G W. The Borel group B acts on G/ „, x Gj^y by b{g, h) = 
{gb~^, bh). The quotient G/,^ Gj^y exists. The action of -B on G x 
(G/,^ X Gj,y) defined by b- {g,gi,g2) = igb~^,bgi, g2gob~^gQ^) induces 
an action of -B on G x {Gj^x x ^ Gj^y). The quotient G Xb {Gi^x x ^ Gi^y) 
exists. 

With the notation of jL2l 4.2], set 

= {{B,B\g)eBxBxG^\ pos(B, B') = w, pos{B', ^B) = y]. 

The morphismGx(G/,^xG/,j^) ^ (9,91,92) ^ {^B,s9^B,ggig2gQg'^) 

induces an isomorphism G x^ (G/^^, x-^ Gi,y) — '^{w,y)- 

Let ^ e X with wy6{^) = ^ Then C^^^ = Qi & {'CyS[^),nj 'Cs((),y) 
is a (tame) local system on G x ^ (G/^^ x^ (The local system C 

on y(^,y) defined in |L2t 4.2] is of the form £^ for some ^ G X with 
"^y^iO = ^ the isomorphism G x^ (G/^^, x-^ G/_j^) = Y(^w^yy) 

Let P{u,,y) '■ G Xb {Gx x^ Gy^s) Zj^y^s be the morphism defined 
by {9,91,92) ^ {^Pj,'^^^Pj',9giUpj,g2goUpg-^). Let Cj^y^s be the set of 
(isomorphism classes of) simple perverse sheaves A on Zj^y^s such that 
A H {p(^w,y))\'^i,w for some if G and ^ G X with wyS{^) = ^. This is 
the definition of parabolic character sheaves on Zj^y^s in |L8| 11.3]. 

Corollary 5.12. We have that C{Zjy s) = C^y^s- 

Remark. Thus we obtained a new proof of the fact that the two defi- 
nitions of parabolic character sheaves in |L3j coincide, which was first 
proved by Lusztig in [L3| 11.15 & 11.18]. 
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Proof. We identify Gj^w Gj^y with B Xb {Gj^w x^ Gj^y). Then 
Pi^,y){Gi,^ x^G/,,) = {Pj,''^Pj>,BwByBgo) 

= (Pj,B^yy-'Pj,,BwyU,-ip^Bgo) 

= [J,wy,l]y,s- 

Let p[^^y-j : G/,^ x-^ Gi^y [J,wy, l]^^ be the restriction of P(w,y)- 
Then p'^^ ^^ is an affine space bundle map and {p[^,y))i{jC-w,yS{^)Q^y,s{^)) = 
C^,wy,i for ^ e X. The morphism {id,p'^^y^) : G x {Gi^u, Gi^y) 
G X [J, wy, l]y ^ induces a morphism 

P{w,y) -G Xb {Gi^yj x^ Gi^y) ^ G Xb [J,wy, l]^^. 
We have that P(wv) = P L ,r~--, o m^y). Hence for f G X with 
'u^y^iO = ^5 have that 

{p{w,y))A,n. = {p \Gx[j:^l]J'-^P(-'^y)^^-^i^-' = IgxIJ^;^!],,*^'^'^'®^^'"'^'^^^']- 

Now let A be a simple perverse sheaf on Zj^y^s- If A satisfies 5.9(iii), 
then A G Cj^y^s. If A G then A satisfies 5.9(ii). Therefore, 

c{Zj^y^s) = Cj.y,s- n 

Note added. After completing this paper, I learned that the main 
result of this paper has also been obtained by T. A. Springer (unpub- 
lished) . 
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